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Plünnecke’s Inequality

Giorgis Petridis

Abstract

Plünnecke’s inequality is the standard tool to obtain estimates on the car-

dinality of sumsets and has many applications in additive combinatorics. We

present a new proof. The main novelty is that the proof is completed with no

reference to Menger’s theorem or Cartesian products of graphs. We also investi-

gate the sharpness of the inequality and show that it can be sharp for arbitrarily

long, but not for infinite Plünnecke graphs. A key step in our investigation is

the construction of arbitrarily long regular Plünnecke graphs.

1 Introduction

Plünnecke’s inequality is among the most commonly used tools in additive combina-
torics. It was discovered by Helmut Plünnecke in the late 1960s. The inequality puts
bounds on the magnification ratios of a directed, layered graph G, which are defined
as:

Di(G) = min
Z⊆V0

| Im(i)(Z)|
|Z|

Plünnecke discovered that under some commutativity conditions on graphs, which
have since been known as Plünnecke conditions and will be defined later, the sequence
D

1/i
i (G) is decreasing. In particular he proved [7, 8]:

Theorem 1.1 (Plünnecke). Let G be a Plünnecke graph with Dh(G) = ∆h. Then

Di(G) ≥ ∆i for all 1 ≤ i ≤ h.

The rediscovery of the inequality by Imre Ruzsa in 1989 [9, 10] has put it in the
spotlight and it has since seen applications to a wide variety of problems.

Plünnecke’s and Ruzsa’s proofs are similar. They both rely on two key ingredients:
Menger’s theorem [5] and Cartesian products of graphs. While there are several vari-
ations in the literature [2, 4, 6, 11, 12, 13] they all follow the original approach closely
in first proving the special case when Dh(G) = 1 by applying Menger’s theorem and
then deducing the inequality by using Cartesian product of graphs. Here we present
an elementary and more direct proof, which stays close to Ruzsa’s argument for the
special case, but uses neither of the two ingredients.
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Completing the proof with no reference to Menger’s or any other equivalent theorem is
noteworthy for two reasons. It shows that Plünnecke’s inequality is a direct consequence
of Plünnecke’s conditions and little else. Therefore the bounds on the cardinality of
sumsets that follow from it are also a direct consequence of commutativity of addition
and little else. The second reason is that by avoiding Menger’s theorem we are able to
complete the proof without using Cartesian products of graphs. This otherwise very
helpful method felt more of a convenient than a necessary tool and removing it makes
the proof more transparent.

Despite its widespread use there has so far been no attempt to investigate whether
Plünnecke’s inequality is sharp. We answer this question for both finite and infinite
Plünnecke graphs.

Theorem 1.2. For all C ∈ Q and h ∈ Z+ there exists a Plünnecke graph with

Di(G) = C i

for all 1 ≤ i ≤ h.

Theorem 1.3. Let G be an infinite Plünnecke graph. Then

Di(G) = C i

can hold if and only if C = 1.

The first step in proving Theorem 1.2 is to show that all such G must contain a regular
Plünnecke subgraph - the exact meaning of this assertion is explained in Section 4.
The second is to construct arbitrary long regular Plünnecke graphs. It is easy to check
(e.g. Lemma 4.2) that on regular graphs Plünnecke’s inequality is in fact an equality.
Theorem 1.3 is deduced from the existence of the regular subgraph by examining the
growth of infinite Plünnecke graphs originating at a singleton.

The remaining sections of the paper as organised as follows. In Section 2 we introduce
Plünnecke graphs and the notation used at the remainder of the paper. Section 3 is
devoted to the proof of Plünnecke’s inequality; an entirely self-contained argument is
found in Sections 3.2 and 3.3. In Section 4 we deduce from the proof the existence of
the regular subgraph in the case when all the quantities D

1/i
i (G) are equal. Finally in

Section 5 we prove Theorems 1.2 and 1.3.

Acknowledgement. The author would like to thank Tim Gowers for suggesting look-
ing for a proof of Plünnecke’s inequality that does not use Cartesian products of graphs
and for sharing his insight. In particular, the ideas of working with weighted Plünnecke
graphs and random regular bipartite graphs were his.

2 Plünnecke Graphs

The material in this section can be found in any of the standard references [6, 11, 13].
The notation used is however slightly different.
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2.1 Plünnecke graphs: definition and notation

G will always be a directed layered graph with edge set E(G) and vertex set V (G) =
V0 ∪ · · · ∪ Vh, where the Vi are the layers and h the level of the graph. For any S ⊆ Vi

we will write Sc = Vi\S for the complement of S in Vi and not in V (G). We will
furthermore assume that directed edges exist only between Vi and Vi+1 and denote this
set of edges by E(Vi, Vi+1).

In order to introduce Plünnecke’s conditions we briefly recall that given an integer k
and a bipartite undirected graph G(X, Y ) we say that a one-to-k matching exits from
X to Y if we can find distinct elements {yix : x ∈ X and 1 ≤ i ≤ k} in Y such that
xyix ∈ E(G) for all x ∈ X and 1 ≤ i ≤ k. A one-to-one matching is referred to as a
matching.

Plünnecke’s upward condition states that if uv ∈ E(G), then there exists a matching
from Im(v) to Im(u) (in the bipartite graph G(Im(u), Im(v)) where xy is an undirected
edge if and only if it is a directed edge in G). Plünnecke’s downward condition states
that if vw ∈ E(G), then then there exists a matching from Im−1(v) to Im−1(w) (in the
bipartite graph G(Im−1(v), Im−1(w)) where xy is an undirected edge if and only if it is
a directed edge in G). Plünnecke graphs are those directed layered graphs that satisfy
both properties.

The most typical example is G+(A,B), the addition graph of two sets A and B in
an underlying Abelian group. This is defined as the directed graph whose ith layer
Vi is A + iB and a directed edge exists between x ∈ Vi−1 and y ∈ Vi if and only if
y − x ∈ B. When we take A = {0} and B = {γ1, . . . , γn} where 0 is the identity and
γi the generators of a free Abelian group we call G+({0}, {γ1, . . . , γn}) the independent
addition graph on n generators.

d+H(v) = |{w : vw ∈ E(H)}| is the outgoing degree of a vertex v in a subgraph H and
d+(v) = d+G(v) is the outgoing degree of v in G. In particular d+H(v) ≤ d+G(v). Similarly,
d−H(v) = |{u : uv ∈ E(H)}| is the incoming degree of a vertex v in a subgraph H and
d−(v) = d−G(v) is the incoming degree of v in G. In particular d−H(v) ≤ d−G(v).

A path of length l in G is a sequence of vertices v1, . . . , vl so that vivi+1 ∈ E(G) for all
1 ≤ i ≤ l − 1. For any subgraph H of G we thus define

Im
(i)
H (Z) = {v ∈ V (H) : ∃ path of length i in H that starts in Z and ends in v}

and

Im
(−i)
H (Z) = {v ∈ V (H) : ∃ path of length i in H that starts in v and ends in Z}

When the subscript is omitted we are taking H to be G. When i = 1, and consequently
Im(1)(Z) is the neighbourhood of Z in H , the superscript will be omitted. We can now
formally define magnification ratios. As we have seen the ith magnification ratio of G
is defined as

Di(G) = min
Z⊆V0

| Im(i)(Z)|
|Z|

3



G. Petridis

We will also write
∆ = D

1/h
h (G)

For Z ⊆ V0 we say that Z spans the subgraph H that consists of all paths in G
that start in Z. In other words the ith layer of H is Im(i)(Z) and the edges between
consecutive layers are those found in G. A separating set in any subgraph H is a set
S ⊆ V (H) that intersects all directed paths in H that start in the first and end in the
last layer of H .

2.2 Properties of Plünnecke graphs

The following properties of Plünnecke graphs are standard and will be used repeatedly.

(1) For i > j and U ⊆ Vi, V ⊆ Vj the graph consisting of all paths in G starting at U
and ending in V is a Plünnecke graph in its own right. An important special case is
when we take U = Z ⊆ V0 and V = Im(h)(Z) ⊆ Vh. H is then the span of Z.

(2) For uv ∈ E(G) Plünnecke’s conditions imply d+(u) ≥ d+(v) and d−(u) ≤ d−(v).

(3) For Plünnecke graphs G and H we define their Cartesian product G×H as follows.
We take V (G ×H) = V (G) × V (H), so that the ith layer of G × H is the Cartesian
product of the ith layer of G with the ith layer of H . As for the edges, (u, x)(v, y) ∈
E(G×H) if and only if uv ∈ E(G) and xy ∈ E(H). G×H is a Plünnecke graph with
Di(G × H) = Di(G)Di(H). Vertex degrees are also multiplicative as d±G×H((u, x)) =
d±G(u) d

±
H(x).

(4) We define the inverse I of a Plünnecke graph G as follows: the ith layer of I is the
(h− i+ 1)th layer of G and uv ∈ E(I) if and only if vu ∈ E(G). One can informally
think of I as the graph consisting of all paths from Vh to V0. I is always a Plünnecke
graph due to the symmetry of Plünnecke’s conditions.

2.3 Hall’s marriage theorem

We finish this introductory section by stating Hall’s marriage theorem for bipartite
graphs G = G(X, Y ). For any x ∈ X we define its neighborhood by

Γ(x) = {y ∈ Y : xy ∈ E(G)}
and the neighborhood of S ⊆ X by

Γ(S) =
⋃

x∈S

Γ(x)

It is clear that in order to have a one-to-k matching from X to Y we need |Γ(S)| ≥ k |S|
for all S ⊆ X . Philip Hall proved in 1935 that the converse is also true [3].

Theorem 2.1 (Hall). Let G(X, Y ) be a bipartite graph. Then a one-to-k matching

exists from X to Y if and only if

|Γ(S)| ≥ k |S| ∀S ⊆ X
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Ruzsa’s approach is elegant, but leaves one question unanswered: what is the precise
role of Cartesian products in the proof and how does it allow us to use Proposition 3.1
in such a simple way when proving a generalisation is tricky. A simpleminded approach
is to see what the existence of the paths in G×Gq implies about G, but this yields a
mere reformulation of Plünnecke’s inequality. A more refined approach suggested by
Tim Gowers is to apply the Max Flow - Min Cut theorem [1] in a weighted version of
G hoping this will allow completing the proof without Cartesian products of graphs.

We will see that not only is this possible, but surprisingly the proof can be completed
without an application of the Max Flow - Min Cut theorem. In other words Plünnecke’s
inequality can be proved by focusing on the minimum cut in (the network generated by)
G without using any properties of a maximal flow. In doing so we will mirror Ruzsa’s
proof of Proposition 3.1 closely, but will introduce a further ingredient in Section 3.3
that allows us to apply his argument to all ∆.

3.2 Weighted Plünnecke Graphs

The proof of Proposition 3.1 is built around the fact that when ∆ = 1 there is a very
close relationship between separating sets in G and magnification ratios. In order to
make use of this observation for general ∆ we need to work with weighted Plünnecke
graphs; i.e. a Plünnecke graph with a weight function

w : V (G) 7→ R+

We will eventually give each vertex in Vi weight ∆
−i. The reasons behind this choice

will become apparent shortly, but different weights may be more suitable in other
applications. It should be noted that this can be thought of as an alternative to taking
a Cartesian product of G with the Gq. We also need a notion of the weight of a set of
vertices in G and so we define the weight of any set S ⊆ V (G) as

w(S) =
∑

v∈S

w(v)

In what follows this will equal
h
∑

i=0

|S ∩ Vi|C−i

for a constant C. The heart of the proof of Proposition 3.1 is to “pull down” any
minimum separating set to one that lies entirely in V0 ∪ Vh. Ruzsa achieved this by
using the paths given by Menger’s theorem and Plünnecke’s conditions. We will see that
the same can be done for weighted Plünnecke graphs and in fact without any reference
to Menger or some other equivalent theorem. The following result demonstrates how
powerful Plünnecke’s conditions are.

Lemma 3.3. Let C be any real and G a weighted Plünnecke graph with vertex set

V0∪V1∪· · ·∪Vh and w(v) = C−i for all v ∈ Vi. Any separating set of minimum weight

can be replaced by one which lies entirely in V0 ∪ Vh.
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Proving this lemma will be the main objective of the next subsection. For the time
being let us quickly see how to deduce Theorem 1.1 from it.

Corollary 3.4. Let G a weighted Plünnecke graph with vertex set V0 ∪ V1 ∪ · · · ∪ Vh

and w(v) = ∆−i = Dh(G)−i/h for all v ∈ Vi. The weight of any minimal separating set

is |V0|.

Proof. We can without loss of generality assume that S0∪Sh is a separating set of min-
imum weight. We know that Im(h)(Sc

0) ⊆ Sh and so |Sh| ≥ | Im(h)(Sc
0)| ≥ Dh(G)|Sc

0|.
This in turn implies w(S) = w(S0) + w(Sh) = |S0| + |Sh|D−1

h (G) ≥ |S0|+ |Sc
0| = |V0|.

On the other hand V0 is a separating set and hence w(S) = |V0| for any separating set
of minimum weight.

Plünnecke’s inequality follows in a straightforward manner:

Proof of Theorem 1.1. We consider any Z ⊆ V0 in the weighted version of G, where
each v ∈ Vi has weight ∆

−i. Zc ∪ Im(i)(Z) is a separating set and thus

|V0| ≤ w(Zc ∪ Im(i)(Z)) = w(V0\Z) + w(Im(i)(Z)) = |V0| − |Z|+ | Im(i)(Z)|∆−i

I.e. | Im(i)(Z)| ≥ ∆i|Z|. Taking the minimum over all Z ⊆ V0 gives the lower bound
on Di(G).

3.3 Separating sets on weighted Plünnecke graphs

We now turn our attention to the proof of Lemma 3.3. The key is to make optimal
use of separating sets of minimal weight. Instead of focusing on vertex disjoint paths
we rely on the following simple observation: Suppose that S is a separating set of
minimum weight. Then for any Z ⊆ S

w(Im(Z)) ≥ w(Z) and w(Im−1(Z)) ≥ w(Z)

The simplest case of Lemma 3.3 to consider is when h = 2 and the middle layer is the
separating set. We will need to apply the following in the coming section and therefore
state it in slightly more general terms.

Lemma 3.5. Let C be any real and H be a Plünnecke graph of level two with vertex

set U0 ∪ U1 ∪ U2. Suppose that for all S ⊆ U1

| Im(S)| ≥ C|S| and | Im−1(S)| ≥ C−1|S|
If Xi is the set of vertices in U1 that have incoming degree equal to i and Yi is set of

vertices in U2 that have incoming degree equal to i, then

C|Xi| = |Yi|
Similarly if X ′

i is the set of vertices in U1 that have outgoing degree equal to i and Y ′
i

is the set of vertices in U0 that have outgoing degree equal to i, then

C−1|X ′
i| = |Y ′

i |
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Proof. For each i = 1, 2, ..., k let Xi be the set of elements x ∈ U1 such that d−(x) = i.
Then the sets Xi form a partition of U1. We also partition U2 into:

Tk = Im(Xk)
Tk−1 = Im(Xk−1)\Tk
...
T1 = Im(X1)\(T2 ∪ · · · ∪ Tk)

Similarly we have a partition of U1 into X ′
1, . . . , X

′
k′ in such a way that d+↾X ′

i
= i and

also a partition of U0 into:

T ′
k′ = Im−1(X ′

k′)
T ′
k′−1 = Im−1(X ′

k′−1)\Tk′

...
T ′
1 = Im−1(X ′

1)\(T ′
2 ∪ · · · ∪ T ′

k′)

This is probably a good moment for the reader to look at Figure 1.
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Figure 1: An illustration for the k = 3 case

By the definition of the Ti we have that

Im(Xj ∪ · · · ∪Xk) = Tj ∪ · · · ∪ Tk

so if we let xi = |Xi| and ti = |Ti|, then the hypothesis on H implies that

k
∑

i=j

ti ≥ C

k
∑

i=j

xi for all 1 ≤ j ≤ k

Adding these inequalities for j = 1, . . . , k gives

k
∑

i=1

iti ≥ C

k
∑

i=1

ixi
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It follows from Plünnecke’s downward condition that d−(v) ≥ i for all v ∈ Ti. Hence

|E(U0, U1)| =

k
∑

i=1

|E(U0, Xi)|

=

k
∑

i=1

ixi

≤ C−1

k
∑

i=1

iti

≤ C−1

k
∑

i=1

|E(U1, Ti)|

= C−1|E(U1, U2)|

We repeat the above this time using the second partition of U1 and get

|E(U1, U2)| ≤ C|E(U0, U1)|

Putting everything together yields:

|E(U0, U1)| ≤ C−1|E(U1, U2)| ≤ |E(U0, U1)|

We must therefore have equality in every step, which implies that Yi = Ti and Y ′
i = T ′

i ,
as well as C|Xi| = |Yi| and C−1|X ′

i| = |Y ′
i |.

We now apply the lemma to “pull down” minimal separating sets in the special, yet
important, class of graphs of level two discussed in the beginning of the section.

Lemma 3.6. Let C be any real and H be a weighted Plünnecke graph of level two with

vertex set U0 ∪U1 ∪U2 and w(v) = C−i for all v ∈ Vi. Suppose that U1 is a separating

set of minimum weight. Then so is U0.

Proof. For every S ⊆ U1 both Sc ∪ Im(S) and Sc ∪ Im−1(S) are separating sets. The
minimality of w(U1) implies that

| Im(S)| ≥ C|S| and | Im−1(S)| ≥ C−1|S|

We can therefore apply Lemma 3.5 to get

w(U1) = C−1|U1| = C−1

∣

∣

∣

∣

∣

k′
⋃

i=1

X ′
i

∣

∣

∣

∣

∣

= C−1
k′
∑

i=1

|X ′
i| =

k′
∑

i=1

|Y ′
i | =

∣

∣

∣

∣

∣

k′
⋃

i=1

Y ′
i

∣

∣

∣

∣

∣

= |U0| = w(U0)

and so U0 is also a separating set of minimum weight.

We are finally able to prove Lemma 3.3, which will finish the proof of Theorem 1.1.
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Proof of Lemma 3.3. Let S be any separating set of minimum weight and Si = S ∩Vi.
Let j ∈ {0, 1, . . . , h−1} be maximal subject to Sj 6= ∅. We will show that when j > 0
we can find another separating set of minimum weight that lies in V0 ∪ · · · ∪ Vj−1 ∪ Vh.

We work in a subgraphH of level two consisting of all paths in G that start in a suitably
chosen U0 ⊆ Vj−1 and end in a suitably chosen U2 ⊆ Vj+1. U0 consists of all vertices
in Vj−1 that can be reached via paths in G that successively pass from Sc

0, . . . , S
c
j−1

and U2 consists of all vertices in Vj+1 that lead to Sc
h. S is a separating set of minimal

weight and thus the middle layer U1 equals Sj . In the weighted version of H , where
vertices in Ui have weight C−i, U1 is a separating set of minimum weight (if not let S ′

j

be a separating set of smaller weight and observe that S0 ∪ · · · ∪ Sj−1 ∪ S ′
j ∪ Sh is then

a separating set in G of smaller weight than S). By Lemma 3.6 U0 is also a separating
set of minimum weight in H and thus S0 ∪ · · · ∪ Sj−1 ∪ U0 ∪ Sh is a separating set of
minimum weight in G.

Before moving on we will prove a slight variation of Lemma 3.5, which will be useful
later.

Lemma 3.7. Let C be any real and H be a Plünnecke graph of level two with vertex

set U0 ∪ U1 ∪ U2. Suppose that for all S ⊆ U1 we have

| Im−1(S)| ≥ C−1|S| and C|E(U0, U1)| = |E(U1, U2)|
Then |U1| = C|U0|.

Proof. This is almost identical to what we have already seen. We partition U1 and U0

into respectively X ′
1, . . . , X

′
k′ and T ′

1, . . . , T
′
k′ like in the proof of Lemma 3.5. We have

Im−1(X ′
j ∪ · · · ∪X ′

k′) = T ′
j ∪ · · · ∪ T ′

k′

If we once again let x′
i = |X ′

i| and t′i = |T ′
i |, then the first hypothesis on H implies that

C
k′
∑

i=j

t′i ≥
k′
∑

i=j

x′
i for all 1 ≤ j ≤ k′ (1)

Adding the k′ inequalities gives

C
k′
∑

i=1

it′i ≥
k′
∑

i=1

ix′
i

From Plünnecke’s upward condition we know that d+(v) ≥ i for all v ∈ T ′
i and in a

similar fashion to the proof of Lemma 3.5 we get

|E(U1, U2)| ≤ C|E(U0, U1)|
The second condition on H implies that equality must hold in every step. In particular
setting j = 1 on (1) gives

C|U0| = C
k′
∑

i=1

t′i =
k′
∑

i=1

x′
i = |U1|
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Proving this lemma will be the main objective of the next subsection. For the time
being let us quickly see how to deduce Theorem 1.1 from it.

Corollary 3.4. Let G a weighted Plünnecke graph with vertex set V0 ∪ V1 ∪ · · · ∪ Vh

and w(v) = ∆−i = Dh(G)−i/h for all v ∈ Vi. The weight of any minimal separating set

is |V0|.

Proof. We can without loss of generality assume that S0∪Sh is a separating set of min-
imum weight. We know that Im(h)(Sc

0) ⊆ Sh and so |Sh| ≥ | Im(h)(Sc
0)| ≥ Dh(G)|Sc

0|.
This in turn implies w(S) = w(S0) + w(Sh) = |S0| + |Sh|D−1

h (G) ≥ |S0|+ |Sc
0| = |V0|.

On the other hand V0 is a separating set and hence w(S) = |V0| for any separating set
of minimum weight.

Plünnecke’s inequality follows in a straightforward manner:

Proof of Theorem 1.1. We consider any Z ⊆ V0 in the weighted version of G, where
each v ∈ Vi has weight ∆

−i. Zc ∪ Im(i)(Z) is a separating set and thus

|V0| ≤ w(Zc ∪ Im(i)(Z)) = w(V0\Z) + w(Im(i)(Z)) = |V0| − |Z|+ | Im(i)(Z)|∆−i

I.e. | Im(i)(Z)| ≥ ∆i|Z|. Taking the minimum over all Z ⊆ V0 gives the lower bound
on Di(G).

3.3 Separating sets on weighted Plünnecke graphs

We now turn our attention to the proof of Lemma 3.3. The key is to make optimal
use of separating sets of minimal weight. Instead of focusing on vertex disjoint paths
we rely on the following simple observation: Suppose that S is a separating set of
minimum weight. Then for any Z ⊆ S

w(Im(Z)) ≥ w(Z) and w(Im−1(Z)) ≥ w(Z)

The simplest case of Lemma 3.3 to consider is when h = 2 and the middle layer is the
separating set. We will need to apply the following in the coming section and therefore
state it in slightly more general terms.

Lemma 3.5. Let C be any real and H be a Plünnecke graph of level two with vertex

set U0 ∪ U1 ∪ U2. Suppose that for all S ⊆ U1

| Im(S)| ≥ C|S| and | Im−1(S)| ≥ C−1|S|
If Xi is the set of vertices in U1 that have incoming degree equal to i and Yi is set of

vertices in U2 that have incoming degree equal to i, then

C|Xi| = |Yi|
Similarly if X ′

i is the set of vertices in U1 that have outgoing degree equal to i and Y ′
i

is the set of vertices in U0 that have outgoing degree equal to i, then

C−1|X ′
i| = |Y ′

i |
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